We study the effect of a weak magnetic field on the state of the spins of a pair of electrons forming a Cooper pair in an s-wave superconductor. By perturbatively solving time-dependent Bogoliubov equations up to first order, we obtain the two-particle Green function, and whence the two-electron spin-space density matrix. It appears that up to first order approximation, the spin state of a Cooper pair retains the form of a Werner state. This state is then examined in the sense of quantum correlations, i.e., quantum discord.
In quantum manybody or strongly correlated systems, quantum correlations are responsible for a host of interesting physical phenomena. Specifically, quantum entanglement is known to be at the heart of quantum phase transitions and a major player in quantum information science and its applications [1] [2] [3] . It is thus of fundamental and practical importance to analyze quantum correlations generated in quantum manybody systems. As an example, recently it was shown [4] that in a non-interacting electron gas and at low temperatures, spin-spin entanglement behaves quadratically with temperature. Additionally, two electron spins forming Cooper pairs in an s-wave superconductor has been shown to be a Werner state, whose entanglement may survive within a coherence length ξ 0 [5] . In quantum correlated systems such as extended Hubbard model, whose states are amenable to exact or approximate calculations, the role of entanglement (i.e., quantum correlations) can be identified more explicitly [6] .
In this Brief Report, we consider an s-wave superconductor subjected to a weak magnetic field. Of our special interest is the state of a Cooper pair in such a system and how applying a field can alter quantum correlations between the spins of the electrons in this pair. To this end, we first obtain the density matrix of the system by employing the Green functions and solving the related Bogoliubov equations perturbatively. It is shown that this results in a Werner form for the spin-space density matrix. Additionally, we calculate quantum correlations-exactly, quantum discord [7] -of this state, from whence one can see how applying a weak magnetic field modifies quantum correlations in the level of a Cooper pair.
The Hamiltonian of a generic superconductor subjected to weak magnetic field is as follows [8] [9] [10] :
where
is the energy gap [which is assumed to * afzali@kntu.ac.ir be constant (i.e., r-independent) in s-wave superconductors],
is the mean (one-electron) potential, V (r) is a potential characterizing electron-electron interactions, A(r) is a vector potential, µ is the chemical potential, and σ ∈ {↑, ↓}. Here, · · · implies a combined quantum mechanical and statistical average [10] . Note, however, that later (to be specified) in this Report, we shall work only at zero temperature, wherein the average reduces to ψ BCS | . . . |ψ BCS (|ψ BCS is the Bardeen-Cooper-Schrieffer state).
This Hamiltonian can be exactly diagonalized by using the following Bogoliubov transformation:
as H = nσ ε n γ † nσ γ nσ , in which γ † nσ (γ nσ ) are some bosonic creation (annihilation) operators satisfying
Here, ε n is the corresponding energy spectrum, u n (r) and v n (r) are the Bogoliubov coefficients, which satisfy
The two-electron space-spin density matrix (TESSDM)-up to a normalization factor-in the second-quantized representation is [5, 11] 
On the other hand, the definition of the two-particle Green function is [5, 11] 
where T denotes time-ordering, and all field operators have been written in the Heisenberg picture. Thus the TESSDM is related to the two-particle Green function as follows [8] [9] [10] :
. Furthermore, the twoparticle Green function for the superconducting state can be written in terms of single-particle Green functions [8] [9] [10] 
where the single-particle Green function G(i, j) and anomalous Green function
for the case of s-wave superconductors are, respectively, given by [10]
with
is a Pauli matrix]. If we define time-dependent Bogoliubov coefficients u n (r, t) and v n (r, t) as in the following equations [everything here, except H e , has (r, t) dependence, and henceforth we set ≡ c ≡ 1]:
one can rewrite the Green functions
, at zero temperature (which we shall assume hereafter), as [10] (15) where θ(t) is the unit step function.
By assuming that the Hamiltonian and the superconducting gap are time-independent, the Bogoliubov coefficients can be written as u n (r, t) = u n (r)e −iεnt and v n (r, t) = v n (r)e −iεnt . We can consider a weak magnetic field as a perturbation, which modifies the Bogoliubov coefficients and the energy gap (up to first order) as
in which X ∈ {∆, u n , v n }, and superscript "(0)" denotes the solutions to the unperturbed Bogoliubov equations [Eqs. (4) and (5)] (i.e., for A = 0). Using the London gauge and considering A not having any component perpendicular to the surface of the superconducting system, one can ignore ∆
[10]. We can expand u 
We now insert u
(1)
(the excitation energy of a quasi-particle with wave vector n), and
. Hence,
(and similarly for b nm by replacing u → v and ξ m → −ξ m ) where
Therefore by calculating the coefficients a nm and b nm , we will have u
n (r) and v
n (r). From Eq. (15), the linearized single-particle Green function can be rewritten in terms of u n (r) and v n (r), up to first order of perturbation and when t 2 → t + 1 , as follows:
More specifically, G (0) (the Green function in the absence of magnetic field [5] ) and G (1) (the first-order correction) are given as in which r ≡ r 1 − r 2 is the relative distance of electrons in a Cooper pair, I 1 (x) is the order 1 modified Bessel function, and L 1 (x) is the order 1 modified Struve function [12] . At the continuum limit (
where Additionally, we have
or equivalently
is the density of states for one spin projection at the Fermi surface [5] , and K 0 (y) is the order 0 modified Bessel function [12] , and in Eq. (27) and here ∆ is ∆ (0) (constant for s-wave superconductors). At the continuum limit, one can also obtain
The TESSD, for the case (r 1 , r 2 ) = (r ′ 1 , r ′ 2 ) and up to first order approximation, reads [5] 
Using n(r) = −iTr[G(r, t, r, t + )], we can write G (1) (r 1 , r 1 ) = −in(r 1 )/2 (similarly for n(r 2 )) and
where n is the electron density. We thus obtain
. It is straightforward to see that ̺ is in fact a Werner state [5, 14] 
where 1 1 is the 4 × 4 identity matrix, |ψ − = (| ↑↓ − | ↓↑ )/ √ 2 is the spin singlet, and
It is interesting to see how the state (and the correlations thereof) vary due to the application of the magnetic field (cf. Ref. [5] ). Neglecting f (r) [5] and terms higher than O G (1) , the perturbed p [denoted below as p (1) ] has the following form in terms of the unperturbed one which is for the case without magnetic field [denoted below as p (0) ]:
As a result, it can be argued that for some values of the magnetic field, p
(1) ≈ p (0) . This implies that the addition of a nonvanishing, weak magnetic field sometimes does not alter the related density matrix (and hence, as we see below, its quantum correlations), while in general it affects the density matrix as in Eq. (41).
Having obtained the form of the density matrix, it is usually of interest to know how it is correlated quantum mechanically. To that aim, entanglement is usually considered as a measure of quantum correlation. Using the properties of a Werner state [16] , it is straightforward to calculate entanglement through, for example, the Peres-Horodecki separability criterion [15] . Specifically, a 2 × 2 Werner state is entangled if and only if p > 1/3 [4, 5, 15] .
Although non-separability (i.e., entanglement) is considered to be a purely quantum mechanical effect, it has been known that it is not responsible for all quantum correlations.
To quantify non-classicality of correlations, "quantum discord" has been introduced as a finer measure. It is defined to be the difference between two classically identical expressions for the mutual information [7] . While no separable state can have quantum entanglement, some of them may exhibit nonvanishing quantum discord. For Werner states of the form (39), it has been shown that any p > 0 implies a nonvanishing discord [7, 16] . More explicitly, quantum discord can be obtained with the following relation [16] :
which can be expanded based on Eq. (41) to see the effect of the magnetic field. Figure 1 depicts quantum discord and concurrence [17] (as a specific measure of entanglement, equal to max{0, (3p − 1)/2}) for the spin state of a Cooper pair. In summary, we considered an s-wave superconductor subjected to a weak magnetic field, and obtained spin-space density matrix of electrons of a Cooper pair. We employed the relation of the density matrix with the Green functions, and applied perturbation theory to solve the corresponding Bogoliubov equations. This density matrix was found to be in the form of a Werner state, hence it is not necessarily maximally entangled. This can be attributed to the fact that correlations between electrons in the ground state of a superconducting state are not localized in each Cooper pair [5] . Nonetheless, a nonvanishing quantum correlation may have some relevant implications on the overall quantum correlation in the system. We thus calculated quantum discord-as a measure of quantum correlation-for the obtained density matrix, and showed how a weak magnetic field affects this correlation. Besides basic importance of such calculations, we hope that our study can shed some light on potential applications of superconductors in, for example, quantum information science through nanoscale systems [18] .
